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Abstract 

The condition for the existence of the superradiance modes is derived for the 
incident scalar, electromagnetic and gravitational waves when the spacetime 
background is a higher-dimensional rotating black hole with multiple angular 
momentum parameters. The final expression of the condition is < lo < 
J2i m i^i, where Oj is an angular frequency of the black hole and, to and m; 
are the energy of the incident wave and the i-th azimuthal quantum number. 
The physical implication of this condition in the context of the brane-world 
scenarios is discussed. 
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Recently, much attention is paid to the various properties of the absorption and emission 
problems in the higher- dimensional black holes. This is mainly due to the fact that the brane- 
world scenarios [1-3] opens the possibility to make tiny black holes in the future colliders 
[4-7] by high-energy scattering. For the non-rotating black holes the complete absorption 
and emission spectra are calculated numerically in Ref. [8], where the effect of the number 
of extra dimensions n and the inner horizon radius r_ on the spectra is carefully examined. 
It has been found in Ref. [8] that the presence of r_ generally enhances the absorptivity and 
suppresses the emission rate while the presence of n reduces the absorptivity and increases 
the emission rate regardless of the brane- localized and bulk fields. In fact, this fact can be 
deduced by considering the Hawking temperature or by computing the effective potential 
generated by the horizon structure. 

Also, the ratio of the low-energy absorption cross section for the Dirac fermion to that 
for the scalar field is derived analytically [9] in the charged black hole background. For the 
case of the bulk fields this ratio factor becomes 



In the Schwarzschild limit (r_ ~ 0) -f BL ~ 2"( n+3 )/( n+1 ) and 7 BR ~ 2( n " 3 )/( n+1 ) which reduces 
to 1/8 when n — 0, which was derived by Unruh long ago [10]. It is interesting to note that 
a BL = <jg L /2 and ap R = 2a g R when n = oo. In the extremal limit (r_ ~ r + ) the low-energy 
absorption cross sections for the brane-localized and bulk fermions goes to zero. The explicit 
n-dependence of these ratio factors may play important role in the experimental proof on 
the existence of the extra dimensions. 

Recently, there is a controversy in the question of whether the higher-dimensional black 
holes radiate mainly on the brane or in the bulk. Ref. [11,12] argued that the Hawking 
radiation into the bulk is dominant compared to the brane-emission. The main reason for 
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and for the case of the brane-localized fields this factor becomes 
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this is because of the fact that for the tiny black holes the Hawking temperature is much 
larger than the mass of the light Kaluza-Klein modes. However, Ref. [13] argued that the 
Hawking radiation on the brane is dominant because the radiation into the bulk by the 
light Kaluza-Klein modes is strongly suppressed by the geometrical factor. This argument 
is supported numerically by Ref. [8] when n is not too large in the charged black holes. 

However, the situation can be completely different when the black hole background has 
an angular momentum. For the rotating black holes the incident waves can be scattered 
backward with extraction of the black hole's rotating energy, which is called superradiance. 
The effect of the superradiance in the 4-dimensional Kerr black hole was discussed in Ref. 
[14-17]. In this context Ref. [18,19] argued that the conventional claim that the black holes 
radiate mainly on the brane can be changed if the effect of the superradiance is involved. In 
fact, the existence the superradiance was proved analytically [20] and numerically [21,22]. 
Also the general condition for the existence of the superradiance modes for the scalar, elec- 
tromagnenic and gravitational waves was derived in Ref. [23] using the Bekenstein argument 
[24] when the black hole has a single angular momentum parameter. 

Here, we would like to extende Ref. [23] to the rotating black holes which have multiple 
angular momentum parameters. This is important because the tiny rotating black holes 
that will be produced in the future colliders due to the nonzero impact parameter can have 
multiple components of the angular momentum since the brane thickness is of order of 
1/TeV. 

We start with a spacetime of the (N + l)-dimensional rotating black hole derived by 
Myers and Perry in Ref. [25]: 

N/2 ur 2 ( N/2 V HF 

ds 2 = -dt 2 + ]T (r 2 + a 2 ) (dtf + tfdtf) + ^ U + E "itfdh + TT^- 2 dr 2 (3) 
i=i LLJ ~ \ i=i I 11 ^ r 



where 
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In Eq.(3) we assumed that N is even. The odd N case will be discussed later. The ^ are 
not all independent but obeys 

A*i + A*2 + --- + A&/2 = 1 - ( 5 ) 
The mass M and angular momenta Jj of the black hole (3) are 

where = 2ix N ' 2 /T[N /2] is the area of a unit (N - l)-sphere and G is a (JV + 1)- 

dimensional Newton constant, which will be assumed to be unity from now on. 

Now, we would like to calculate the horizon area A of the spacetime (3), which is given 

by 
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A= dd)i---dd)N diii I da 2 • • • / V du,N, VdetM (7) 
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where detM = det^^^^det^^^)!,.^^. The horizon radius r H is defined by solving 

N/2 

11(^ + 0?)=^. (8) 
i=i 

The factorization of detM comes from = 0. It is not difficult to show detM = 

fJ> 2 r%fil[j>2 ■ ■ • A*jv/2-i> which makes A in the following simple form 

A = Q N -inr H . (9) 

Now, we regard M and Jj(i = 1, 2, • • • , iV/2) are independent variables. Then one can 
write 

8 A N/2 8 A 

iA= iM + Y. iJ, (10) 

1=1 1 



Firstly, let us compute dA/dM, which is 

// ar-n 

(11) 



<9M 



T7 r 'H + A 1 " 



M ^<9M 

To compute dr H /dM we use Eq.(8). Differentiating Eq.(8) with respect to M, one can show 
easily 
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where 
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It is important to note that B can be expressed as 



B = r H K 



(14) 



where k is a surface gravity defined 
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Since the surface gravity is proportional to the Hawking temperature, we can assume B > 0. 
Inserting Eq.(12) into (11) and using Eq.(6) yields 

OA 8ttth 



dM B 



Next, let us compute dA/dJj, which is 

dA dr H 

Differentiating Eq.(8) with respect to Jj, one can show easily 

dr H (N-l)r H , 
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where 
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H T Uj 

is a frequency of the black hole arising due to the j-th angular momentum Jj. Inserting 
Eq.(18) into (17) yields 

dA 8nr H 
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Thus inserting (16) and (20) into (10) simply yields 



dA = 



B 
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Bekenstein has shown in Ref. [24] that for scalar, electromagnetic, and gravitational 
waves dJi/dM is expressed in terms of the stress-energy tensor as following 

cLh_ J_l 
dM T[ 



(22) 



where fa are the azimuthal angles associated with Jj. Since the incident waves should have 
the factorization factors e * m i4>i e - VJt ^ ori e can show easily that Eq.(22) reduces to 

dJj rrii 



dM uj 
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where m 8 and uj are the azimuthal quantum numbers corresponding to fa and energy of the 
incident waves respectively. Inserting (23) into (21), one can show easily 



dA = ^-fdM 
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Since A/ A is a black hole entropy, Eq.(24) gives a condition 



dM 



N/2 



1 



> 0. 
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Since the existence of the superradiance modes implies dM < 0, it is easy to show that the 
condition for the existence of the superradiance is 



N/2 

< uj < ^2 rriifli. 
i=i 
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In Ref. [20] the condition for the superradiance for the incident scalar wave was shown to 
be < uj < mQ a + kQf,, which is manifestly special case of Eq.(26) in N = 4. Furthermore, 
our conclusion (26) holds not only for the scalar wave but also for the electromagnetic and 
gravitational waves. 

For a completeness we consider the odd N case. In this case the metric for the rotating 
black hole is changed into 
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The mass M and the angular momenta J« of the black hole (27) are same with Eq.(6). The 
horizon area is slightly different from Eq.(9): 
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Then it is straightforward to show 

<9A 87rr H 



<9A 



87rr 



dM B dJi B 

where = a,/ (rfj + a 2 ) are the rotational frequency of the black hole and 



2r H 



(JV-l)/2 



E U(r 2 H + a 2 )-l. 
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One can show easily B = 2r H n where k is a surface gravity defined 

<9 r IT — /j, 
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Then it is easy to show 
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dA 
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Following the same procedure we can conclude that the condition for the existence of the 
superradiance modes for the incident scalar, electromagnetic and gravitational waves reduces 
to 



where TOj are the azimuthal quantum numbers. 

In this paper we derived the condition for the existence of the superradiance modes for 
the incident scalar, electromagnetic and gravitational waves when the spacetime background 
is a (N + l)-dimensional rotating black holes with multiple angular momentum parameters. 
Our final condition reduces to a simple form < u> < J2i m i^i, where m« is an azimuthal 
quantum numbers of the incident waves associated with the i-th angle (pi and Vt-i is a rotating 
frequency corresponding to the i-th angular momentum Jj. In Ad Kerr black hole it is well- 
known that there is no superradiance mode for the incident fermionic wave [26,27]. It is 
of interest to check whether this property is maintained in the higher-dimensional rotating 
black hole background or not. Another interesting point arising due to the existence of 
the superradiance modes in the rotating brane-world black holes is that the standard claim 
'the black holes radiate mainly on the brane' is not obvious in this background. Thus, it is 
necessary to check which one is dominant between the bulk-emission and the brane-emission 
by adopting an appropriate numerical method. We hope to report this issue elsewhere. 
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